Abstract. It is widely accepted that the fundamental geometrical law of nature should follow from an action principle. The particular subset of transformations of a system's dynamical variables that maintain the form of the action principle comprises the group of canonical transformations. In the context of canonical field theory, the adjective "extended" signifies that not only the fields but also the space-time geometry is subject to transformation. The general principle of relativity requires a system's Hamiltonian to be form-invariant under the transition to another, possibly non-inertial frame of reference. Thus, the transition must necessarily constitute an extended canonical transformation that maintains the form of the system's Hamiltonian under the general mapping of the connection coefficients that determine the spacetime curvature and torsion of the respective reference frame. The canonical transformation formalism yields a unique form-invariant extended Hamiltonian that turns out to be a quadratic function of the curvature tensor. Its Legendre-transformed counterpart then establishes a unique Lagrangian description of the dynamics of space-time that is not postulated but derived from basic principles, namely the action principle and the general principle of relativity. Moreover, the resulting Lagrangian satisfies the principle of scale invariance.
Introduction
The special principle of relativity states that all laws of physics must be form-invariant under Lorentz transformations. This can be regarded as to require the description of a system to be form-invariant under a global symmetry group, namely the Lorentz group. The generalization to non-inertial reference frames is referred to as the general principle of relativity. According to this principle, the description of a system is required to be form-invariant under a local symmetry group, namely the diffeomorphism group that comprises mappings of the local space-time geometry. In this regard, the general principle of relativity meets the gauge principle. The latter requires a physical system that happens to be form-invariant under a characteristic global symmetry transformation of the fields to be rendered form-invariant under the corresponding local symmetry group, hence the corresponding explicitly space-time dependent symmetry transformation. For this requirement to be met, a set of "gauge fields" must be added to the system's dynamics that obey a specific inhomogeneous transformation rule. In the case of General Relativity, the group of local symmetry transformations is constituted by general transformations of the reference frame that admit of a local curvature and possibly a local torsion of space-time. The "gauge fields" are then represented by the connection coefficients -also referred to as Christoffel symbols for the particular case of a coordinate (holonomic) basis of the reference frame. The connection coefficients also obey a specific inhomogeneous transformation rule relating different reference frames.
The fundamental laws of classical physics can be derived from Hamilton's action principle. In this context, a dynamical system is described by a Lagrangian or its Legendre transform, the Hamiltonian. From the action principle, the dynamics of a classical particle or of a classical field can be derived by integrating the Euler-Lagrange equations or, equivalently, by integrating the canonical equations. The subsequent theory of canonical transformations then isolates the subset of transformations of the dynamical variables that maintain the form of the action principle -and hence the general form of the canonical equations. The canonical formalism thus yields an elegant way to work out theories that are supposed to be forminvariant under the action of a symmetry group while ensuring the action principle to be maintained. In its extended formulation, the independent variables -hence the space-time geometry in a classical field theory -are also subject to transformation. With the space-time treated as a dynamic variable, a canonical theory that is form-invariant under the mapping of the connection coefficients thus simultaneously satisfies the general principle of relativity and maintains the action principle.
With this paper, a generalization of the Hamiltonian gauge transformation formalism is reviewed [1] that extends the requirement of form-invariance under a local symmetry transformation of the fields to also demand form-invariance under local transformations of the connection coefficients. Thereby, the well-known formal similarities between non-Abelian gauge theories and General Relativity ([2, p 409], [3, p 163] ) are encountered. With the transformation rules for the connection coefficients and their respective canonical conjugates being derived from a generating function, it is automatically assured that the extended action principle is preserved, hence that the actual space-time transformation is physical. No additional assumptions need to be incorporated for setting up an amended Hamiltonian that is locally form-invariant on the basis of a given globally, hence Lorentz-invariant Hamiltonian.
Prior to working out the general local space-time transformation theory in the extended canonical formalism in section 5, the formalism of extended Lagrangians and Hamiltonians and their subsequent field equations is presented in sections 2 and 3. With the space-time treated as a dynamical variable, the extended Lagrangians and Hamiltonians are defined to also depend on the connection coefficients and their respective conjugates. The general space-time transformation theory in classical vacuum is then based on an extended generating function that defines the mapping of the connection coefficients in the transition from one frame of reference to another. As an extended generating function simultaneously defines the transformation rule for the canonical conjugates of the connection coefficients as well as the transformation law for the extended Hamiltonians, one directly encounters a particular extended Hamiltonian that is form-invariant under the required transformation law of the connection coefficients while maintaining the action principle. The set of canonical field equations following from the obtained gauge-invariant Hamiltonian now establishes a field equation for the Riemann curvature tensor that is no longer postulated, but uniquely emerges from both the action principle and the general principle of relativity.
Extended Lagrangians L e in the realm of classical field theory

Variational principle, extended set of Euler-Lagrange field equations
Similar to point dynamics, the Lagrangian formulation of continuum dynamics (see, e.g., [4] ) is based on a scalar Lagrange function L that is supposed to contain the complete information on the given physical system. In a first-order scalar field theory, the Lagrangian L is defined to depend on I = 1, . . . , N -possibly interacting -scalar fields φ I (x), on the vector of independent space-time variables x µ , and on the first derivatives of the scalar fields φ I with respect to the independent variables, i.e., on the covariant vectors (1-forms)
The Euler-Lagrange field equations are then obtained as the zero of the variation δS of the action functional over a space-
If the Lagrangian L is to describe the dynamics of a set of vector fields a µ I (x) that possibly couple to the scalar fields φ I , then the additional Euler-Lagrange equations take on the similar form
The derivatives of vectors do not transform as tensors. This means that the Euler-Lagrange equations (2) and (3) are not form-invariant under transformations of the space-time metric. Any field equation emerging from Eqs. (2) and (3) that holds a local frame y must finally be rendered a tensor equation in order for the theory described by L to hold in any reference frame. This is achieved by converting all partial derivatives in the field equations into covariant derivatives. In analogy to the extended formalism of point mechanics ( [5, 6] ), the action integral from Eq. (1) can directly be cast into a more general form by decoupling its integration measure from a possibly explicit
Herein, det Λ = 0 stands for the determinant of the Jacobi matrix Λ = (Λ µ ν ′ ) that is associated with a regular transformation x µ → y µ of the independent variables and the corresponding transformation R → R ′ of the integration region
Here, the prime indicates the location of the new independent variables, y µ . As this transformation constitutes a mapping of the space-time metric, the Λ µ ν ′ are referred to as the space-time coefficients. The integrand of Eq. (4) can be thought of as defining an extended Lagrangian L e ,
In the language of tensor calculus, the conventional Lagrangian L represents an absolute scalar whereas the extended Lagrangian L e transforms as a relative scalar of weight w = 1 under a mapping of the independent variables, y µ . With this property, L e is referred to as a scalar density. Both, L and L e have the dimension of Length −4 in natural units (c = 1). The now dependent variables x 0 , . . . , x 3 in the argument list of L e can be regarded as an extension of the set of fields φ I , I = 1, . . . , N. In other words, the x µ (y) are treated on equal footing with the fields φ I (y). In terms of the extended Lagrangian L e , the action integral over d 4 y from Eq. (4) is converted into an integral over an autonomous Lagrangian, hence over a Lagrangian that does not explicitly depend on its independent variables, y
As this action integral has exactly the form of the initial one from Eq. (1), the EulerLagrange field equations emerging from the variation of Eq. (7) take on form of Eq. (2) (see
An extended Lagrangian L e that is correlated to a conventional Lagrangian L according to Eq. (6) is referred to as a trivial extended Lagrangian. Clearly, multiplying a conventional Lagrangian L by det Λ and expressing the x ν -derivatives of the fields by means of the chain rule in terms of y ν -derivatives does not add any information. The system's description in terms of a trivial L e is thus equivalent to that provided by L.
Yet, a dynamical system that exhibits a dynamical space-time is generally described by an extended Lagrangian L e that does not have a conventional counterpart L. Furthermore, is possible to define extended Lagrangians L e that depend in addition on the connection coefficients γ η αξ (x) (see Appendix B) and their respective x ν -derivatives that describe the space-time curvature in the x reference frame
This description follows the path of A. Palatini [7, 8] , who treated the connection coefficients and the metric as a priori independent quantities. Their correlation then follows from 
The non-tensorial quantity γ η αξ (x) must be derived with respect to the x ν rather than with respect to y ν . Its canonical conjugater αξν η (x) then also refers to the space-time event x. Possible symmetry properties in η, α, ξ of ∂γ , andt ν µ of the canonical "momentum" tensor densities. Consequently, the momenta are only determined by the Hamiltonian H e up to divergence-free functions.
The action integral from Eq. (9) can be equivalently expressed in terms of the extended Hamiltonian H e by applying the Legendre transform (14)
This representation of the action integral forms the basis on which the extended canonical transformation formalism will be worked out in Section 4. In case that the extended Lagrangian describes the dynamics of (covariant) vector fields, a Iµ (y), the canonical momentum fields are to be defined as
Similar to Eq. (12), the tensor densitiesp µν I then represent the dual quantities of the y ν -derivatives of the vector fields a Iµ and hence the canonical conjugates of the a Iµ (y) in the extended covariant Hamiltonian description.
Extended canonical transformations
Generating function of type F 1
In the realm of field theory, the condition for defining extended canonical transformations that include mappings x µ (y) → X µ (y) of the respective space-time reference systems x µ and X µ and of the connection coefficients γ
is based on the extended version of the action functional (16). Specifically, the action principle δS ! = 0 is again required to be conserved under the action of the transformation, with y µ denoting the common independent variables of both reference frames. Requiring the variation of the action functional to be maintained implies the integrand to be determined only up to the divergence of a 4-vector function 
At this point, the tensor densitiesr 
Comparing the coefficients of Eqs. (18) and (19), the extended local coordinate representation of the transformation rules induced by the extended generating function F µ 1 (y) arẽ
Note that the non-tensor quantities γ η αξ (x) must always refer to the original reference system, x, and, correspondingly, Γ η αξ (X) to the transformed reference system, X. The reference system of their local canonical conjugates, hence the tensor densitiesr pertains to the reference system y, whereas the lower index refers to the reference systems x and X, respectively. In order to attribute these quantities a definite space-time location, hence to convert them into regular tensors, the transformations follow as
in agreement with the definition oft µ ν as the dual quantity of ∂x ν /∂y µ from Eq. (13). As shown in Appendix A, the tensor θ µ ν (x) represents the canonical energy-momentum tensor of the original system if the dynamical system is described by a trivial extended Lagrangian L e or its corresponding Legendre-transform that defines a trivial extended Hamiltonian, H e .
According to Eqs. (20), the value of an extended Hamiltonian H e is conserved under extended canonical transformations. Hence, the transformed extended Hamiltonian density H 
Generating Function of Type F 2
The generating function of an extended canonical transformation can alternatively be expressed in terms of a function F ν /∂y µ . In order to derive the pertaining transformation rules, the following extended Legendre transformation is performed
The resulting transformation rules arẽ
These transformation rules are equivalent to the set of Eqs. (20) if the Legendre transformation (21) is non-singular, hence if the determinant of the Hesse matrix of F 1 is non-zero. 
Invariance of the Extended Energy-Momentum Pseudotensor DensityT
The derivatives of F µ 1 (y) with respect to the original variables φ I , γ η αξ (x), and x ν (y) can be converted into derivatives with respect to the transformed variables Φ I , Γ η αξ (X), and X ν (y) according to (19), which yields with
Inserting the transformation rules (20) for the new variables yields
The value of the extended energy-momentum pseudotensor densityT ν µ is maintained under the extended canonical transformation generated by F 
As the energy momentum tensor densityT ν µ is determined by the Hamiltonian H e only up to divergence-free functions, the divergence-free tensor ϑ ν µ can always be subtracted from (T ν µ )
′ without changing its physical significance. The transformation rule for the extended energy-momentum tensor is then finally given bỹ
which exhibits the consistency of the extended canonical transformation formalism.
General Space-Time Transformation in Vacuum
Given a classical vacuum system, i.e., a system with no fields. An extended canonical transformation that maps the space-time geometry from a space-time location x to X under the transformation law of the connection coefficients γ η αξ (x) → Γ η αξ (X) in a coordinate basis (see Appendix B) is generated by
In this definition of an extended generating function of type F 
Likewise, the tensor density componentsr 
In the last rule, the contraction µ = ν yields the transformation rule for the Hamiltonians
Yet, what is actually desired is the transformation rule for the Hamiltonians as expressed in terms of their proper dynamical variables γ, r and Γ, R, respectively. This requires to express all derivatives of the space-time coefficients in (27), i.e. all second derivatives of the functions x µ (y) and X µ (y) in terms of the original and transformed connection coefficients γ 
The left and right hand sides of this equation can be regarded as extended Hamiltonians H ′ e
and H e , respectively, which satisfy the required transformation rule H ′ e = H e from Eqs. (22). Obviously, the Hamiltonians not only retain their values but are furthermore form-invariant under the extended canonical transformation generated by (25).
In order for the canonical equations following from the Hamiltonians H e and H ′ e to be compatible with the canonical transformation rules (26), the above form-invariant Hamiltonians must be amended, by "free field" Hamiltonians 
Thus, the function h α (x) in the generating function (25) must satisfy Eq. (29). The final form-invariant extended Hamiltonian that is compatible with the extended set of canonical transformation rules generated by (25) now writes for the x reference frame 
On the other hand, the covariant divergence of a tensor densityr 
The quantity r As a common feature of all trivial extended Hamiltonians, no substantial equation for the space-time coefficients emerges but only an identity that allows for arbitrary space-time dynamics.
As H e does not depend on the x ν , the canonical equation for thet µ ν follows as ∂t α ν
The explicit representation oft α ν will be derived in (38) from the Lagrangian L e that follows from H e by means of the Legendre transformation prescription (14).
Form-invariant Lagrangian, Euler-Lagrange equations
The extended Lagrangian L e corresponding to the form-invariant Hamiltonian from (30) The explicit calculation is worked out in Appendix E. As L e does not depend on x µ , the divergence oft 
To set up the Euler-Lagrange equation (10) for the connection coefficients, the derivative of L e from Eq. (37) with respect to the derivatives of the connection coefficients is to be calculated first. For the case of symmetric connection coefficients in i, j, one has
The quantities ∂γ 
Form-invariant Lagrangian including matter
The canonical approach to General Relativity suggests that the dynamics of space-time may be described by an extended Lagrangian scalar density that is quadratic in the Riemann curvature tensor. Explicitly, this "quadratic gravity" Lagrangian is proposed as
withκ a dimensionless coupling constant to the subsystem L M that describes a conventional dynamical system associated with mass and/or energy. Therefore L M det Λ defines a trivial 
This constitutes the equation of General Relativity as derived from the extended canonical transformation of the connection coefficients. It is not assumed here that the Levi-Civita connection applies for the independent geometric quantities given by the Christoffel symbols and the metric. Rather, the connection is established by the Euler-Lagrange equation (41), or by the more special equation (42).
Conclusions
The extended canonical transformation formalism suggests that General Relativity is described by the Lagrangian
withκ a dimensionless coupling constant of the Riemann curvature tensor term and L M the conventional matter/energy Lagrangian. Following Palatini's approach, the extended canonical formalism treats the Christoffel symbols and the space-time coefficients in (46) as independent quantities. This extended Lagrangian was obtained by Legendre-transforming the extended Hamiltonian that emerged in a form-invariant manner from an extended canonical transformation. The underlying extended generating function F µ the required transformation rule for the connection coefficients. According to the general transformation rules for extended canonical transformations in the realm of field theory, the form-invariant extended Hamiltonian was deduced by expressing x µ -derivatives of the generating function in terms of the connection coefficients.
As was noted by C. Lanczos [10] , the Lagrangian of General Relativity should be a quadratic function of the curvature tensor elements in order to obey the principle of scaleindependence, which means that the value of the action integral (9) "should not depend on the arbitrary units employed in measuring the lengths of the space-time manifold." The Lagrangian (46) derived here has exactly this property. Summarizing, the theory has the following properties (i) The space-time geometry is of Riemannian type, with a torsion of space-time not excluded a priori. Hence, the theory does not require the equivalence principle -i.e. the equivalence of gravitational and inertial mass -to hold strictly.
(ii) The theory is based on the action principle, which yields field equations for the spacetime and the connection coefficients and hence the metric tensor.
(iii) The general principle of relativity is satisfied, hence, the theory is form-invariant under the canonical transformation of the connection coefficients and their conjugates -which ensures the action principle to be maintained. This can be regarded as the realization of the gauge principle for a diffeomorphism-invariant theory, with the connection coefficients playing the role of "gauge fields."
(iv) The principle of scale invariance holds, hence the theory is form-invariant under transformations of the length scales of the space-time manifold.
(v) The theory is unique in the sense that no other functions of the Riemann curvature tensor emerge from the canonical transformation formalism.
(vi) In contrast to standard General Relativity that is based on the postulated Einstein-Hilbert action, the Lagrangian (37) is derived, based on the requirement of its form-invariance under the canonical transformation of the connection coefficients, and hence on the general principle of relativity.
(vii) For the source-free case (L M ≡ 0), the theory is compatible with standard General Relativity as it possesses then the Schwarzschild metric as a solution [9] . For L M = 0, the solution differs from that of standard General Relativity.
(viii) A quantized theory that is based on the Lagrangian (46) is renormalizable [11] . It is a well-known fact that the energy of a gravitational field is not localizable, hence that the energy-momentum (pseudo-)tensor of the gravitational field depends on the frame of reference. In a quantized theory of gravity, this would mean that the hypothetical spin-2 interaction bosons (the "gravitons") are the quanta of a non-tensorial classical "field" that is represented by the connection coefficients.
Remarkably, a Lagrangian of the form of Eq. (43) that is quadratic in the curvature tensor was already proposed by A. Einstein in a personal letter to Hermann Weyl, dated March 08,
Appendix A. Useful identities
In order to show that the conventional Lagrangian L description of a dynamical system is compatible with the corresponding description in terms of extended Lagrangians, we must make use of the following identities
Frequently, the derivative of the Jacobi determinant with respect to the space-time coefficients needs to be inserted. This quantity is easiest calculated on the basis of the general formula for a determinant of an n × n matrix A = (a ik ). With S n the set of all permutations π of the numbers 1, . . . , n, the determinant is given by the sum over all π ∈ S n det A = π∈Sn sgn π · a 1π (1) . . . a nπ(n) .
Herein, sgn π = ±1 depending on the permutation to consist of an even or odd number of elementary transpositions of pairs of numbers. In the first case, sgn π = +1 whereas sgn π = −1 in the latter. This means for det Λ det Λ =
With the sum over all α, the expression is either zero for ν = µ as the derivative of x ν then occurs twice or equal to det Λ for ν = µ as the derivative of x µ is recovered and thus yields the initial expression for the determinant det Λ.
The correlation (6) of the trivial extended Lagrangian L e and conventional Lagrangian L emerges from the requirement of Eq. (4) to yield the identical action S, hence to describe the same physical system. The derivative of a trivial extended Lagrangian with respect to the space-time coefficients yields the canonical energy-momentum tensor. Explicitly,
where θ ν µ denotes the energy-momentum tensor, andθ ν µ the corresponding tensor density at the same space-time location.
A frequently used identity follows as
This identity is used for setting up the extended set of Euler-Lagrange equations. The derivative of the contravariant metric with respect to the space-time coefficients follows as 
The derivative of the covariant metric with respect to the space-time coefficients is then
Appendix B. Connection coefficients
The derivatives of a vector a µ do not transform as tensors
provided that the reference system x(y) is curved with respect to the reference system X(y), which means that not all second derivatives of the x µ in (B.1) vanish. Equation (B.1) can be converted into a tensor equation by introducing connection coefficients γ
which shows that the quantity
transforms as a tensor, provided that the connection coefficients transform as
As this equation holds for arbitrary a k (x), it follows that
and finally after contraction with ∂X α /∂x k ,
This equation provides the unique correlation of the space-time coefficients and their derivatives with the connection coefficients. The connection coefficients are symmetric in their lower indices for torsion-free space. Otherwise, their skew-symmetric part define the torsion tensor.
Appendix C. Euler-Lagrange equations for space-time coefficients and connection coefficients
Given an extended Lagrangian that depends on the space-time event, the connection coefficients, and their respective space-time derivatives. The action functional over a spacetime region R is then 
